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ABSTRACT: We propose a combination of the mean-field theory and the random phase approximation to describe
complexation in solutions of oppositely charged polyelectrolytes with the asymmetric content of positively and
negatively charged chains. The phase diagram of the system is calculated. We show that “excess’’ polyions
coexisting with small neutral complexes (each complex consists of one polycation and one polyanion) at very
small polymer concentrations can first aggregate into big spherical clusters with the following formation of
cylindrical and lamellar structures at the increase of polymer concentration. All clusters formed have nonzero net
charge due to the charge asymmetry of the solution. The physical reason for the stability of the clusters (complexes)
is discussed.

1. Introduction

Water-soluble complexes are known to be formed by a
number of synthetic and natural oppositely charged poly-
electrolytes.1-8 An unique peculiarity of such systems is that
the opposite tendencies, such as intermolecular aggregation and
solubility of the complexes, have a common electrostatic origin.
It is believed that the short-range attraction of charged units is
mediated by thermodynamic fluctuations of the charges (rela-
tively weak electrostatic interactions similarly with those of the
Debye-Hückel plasma) or by strong multipole (dipole, quad-
rupole, etc.) interactions of associated charged groups. On the
other hand, solubility of the complexes can be attributed to the
existence of the long-range electrostatic forces due to the local
violation of electric neutrality of the system. That is why such
systems are very sensitive to variation of pH and salt concentra-
tion. For example, the screening of the electrostatic forces via
adding of the low-molecular-weight salt induces destruction of
the complexes.2

Up to now theoretical studies of oppositely charged linear
polyelectrolytes were mainly focused on the effect of precipita-
tion, i.e., macroscopic phase separation induced by the elec-
trostatic attraction.9-13 Stability of finite-size complexes was
predicted for the case of macromolecules that form a micellar
(core-shell) structure.14-19 Here solubility of the micelles is
provided by hydrophilic blocks forming corona of the micelle.
For example, in dilute solution of polyelectrolyte/neutral diblock
copolymers and oppositely charged linear chains the core of
the micelles is formed by polyelectrolyte complexes between
the oppositely charged polyions while the hydrophilic uncharged
blocks of the block copolymers comprise the micellar co-
rona.15,16 Also, micelle formation is predicted for solutions of
asymmetric diblock polyampholytes (copolymers having op-
positely charged blocks) where complexed segments of the
diblocks form the core of the micelle and noncomplexed tails
of the longer blocks form the corona.17,18 A theory of com-
plexation of oppositely charged homopolymers differing in the
length predicts stability of the so-called tadpole complexes
consisting of a neutral part (head) and of a charged tail.20 Recent
computer simulations showed that in asymmetric solution of

oppositely charged homopolymers (all molecules have the same
length and absolute value of the charge density, while the
numbers of positively and negatively charged chains are
different), nearly homogeneous spherical complexes can be
formed.21-23 It was shown that the lower is the asymmetry, the
higher is the size of the complexes.

In the present paper we propose a theory that predicts
thermodynamic stability of spatiallyhomogeneousspherical,
cylindrical, and lamellar complexes in asymmetric solution of
oppositely charged homopolymers. A phase diagram including
coexistence regions is presented. The physical reason for
stability of the complexes is discussed.

2. Model

Let us consider a solution ofN linear flexible macromolecules
consisting ofN+ polycations (PCs) andN- polyanions (PAs),
N+ + N- ) N. We will examine a weakly asymmetric solution,
N+ > N-, when an asymmetry parameterA is small enough,A
) (N+ - N-)/N , 1. For the sake of simplicity we assume
that each macromolecule comprisesm segments, each of the
sizea, and has a small fraction of charged groupsf ) 1/σ , 1.
Each charged group carries an elementary chargee. Also we
assume that onlyN+ - N- “excess’’ PCs have counterions to
provide a macroscopic electric neutrality of the system while
counterions coming fromN- PAs andN- PCs are “washed
away’’. The solvent is considered to be aΘ-solvent for neutral
segments of both kinds of macromolecules.

In very dilute solution (but above the complexation concen-
tration threshold), one can imagine stability of two states of
the solution: (i) all “neutralizing’’ PCs aggregate with PAs and
form neutral PC-PA globules (each globule consists of one
PC and one PA) that freely float in the solution together with
the excess PCs, and (ii) all neutral globules precipitate forming
a macrophase. Keeping in mind that attraction between the
globules is induced by the short-range electrostatic interactions,
we can expect that stability of the single globules is possible if
the fraction of charged groups is not so high.

The total free energy (per unit volume) of the mixture of the
globules and excess PCs has a form
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whereFPC andFglob are the free energies of the polycation and
the globule, respectively;φ , 1 is the average polymer volume
fraction in the solution. For derivation ofFPC, we use the so-
called two zone Oosawa model:24-26

In this model, the total volume of the systemV is imagined as
a set ofN+ - N- densely packed, neutral spheres (cells) of the
radiusr0, V ≈ (N+ - N-)4πr0

3/3. Each cell is divided into two
zones. The first zone that is approximated by a sphere of the
radius,r, is occupied by the PC. The second zone of the volume
4π(r0

3 - r3)/3 is free of the PC. Counterions are distributed
inhomogeneously between the zones because of inhomogeneous
distribution of the charge of the PC within the cell. This
distribution is approximated by a steplike function: the fraction
â of the counterions occupies the first zone so that the number
of the counterions within the PC is equal toâm/σ. The resultant
volume charge density of the PC is assumed to be constant and
equal toFin ) em(1 - â)/(σ4πr3/3). The second zone is charged
with the densityFout ) -em(1 - â)/(σ4π(r0

3 - r3)/3) due to
electric neutrality of the cell. Calculation of the Coulomb energy
of the concentric spheres with constant charge densities can be
done in a standard way26 resulted in the first term of eq 2. Here
lB is the Bjerrum length,lB ) e2/εkBT, andε is the dielectric
constant of the solvent. The next two terms of eq 2 are the
contributions of the translational motion of counterions;ψ )
mV/(4πr3/3) is the polymer volume fraction inside the PC, and
V ≈ a3 is the excluded volume of the counterion that coincides
with the excluded volume of the monomer unit. The fourth term
of eq 2 is the elastic free energy of the chain taken in the Flory
form, and the next term takes into account triple interactions of
monomer units in theΘ-solvent,C ∼ 1 is the dimensionless
third virial coefficient. Finally, the last term of eq 2 corresponds
to the translational entropy of the PCs. The equilibrium value
of FPC is found by minimization with respect to the parameters
â and r (or ψ).

It has to be noted that the spherical approximation for the
first zone (for the conformation of the PC) is reasonable for
relatively wide range of values off ) 1/σ. Indeed, if the fraction
of the charged groups is very small, the electrostatic repulsion
between the charges (or the osmotic pressure of counterions
inside the chain) weakly disturb the isotropic Gaussian confor-
mation of the chain, i.e., the volume of the chain can be
approximated by a sphere. Iff is relatively high, the chain attains
an elongated conformation that can be viewed as sequence of
the electrostatic blobs27 (counterions-free regime). Then the free
energy of the chain is proportional to the number of blobs and
scales asFPC/kBT ≈ m(lB/a)2/3/σ4/3. The same value of the free
energy of the PC,FPC/kBT ≈ 0.9‚51/3m(lB/a)2/3/σ4/3, can be found
from eq 2 by minimization with respect tor, if we neglect
localization of the counterions inside the PC (â ) 0) and the
energy of the excluded volume interactions, and if we setθ )
0 (φA , ψ). Thus, relying on the correct result in counterions-
free approximation, we believe that the spherical approximation
is the more accurate under inclusion of counterion localization
(â * 0).

The total free energy of the neutral globule formed by one
PC and one PA takes the following form:

The first two terms∼ m are the volume contributions to the
free energy of the globule. Notice that formation of the globule
cannot be described within the mean-field approximation: the
Coulomb term is equal to zero at this level. One has to include
at least fluctuations around the electroneutral state to describe
the complexation. The simplest way to do it is the RPA
formalism.17,28-30 The RPA free energy is given in the square
brackets of eq 3. The first term describes hard core repulsive
interactions of monomer units in theΘ-solvent. The second term
is the RPA correction to the mean-field free energy. It is
responsible for the fluctuation-induced attraction of charged
units. Calculation of this term is done in Appendix A.

The third term∼ m2/3 is the surface energy of the globule,γ
is the surface tension coefficient (divided bykBT). Finally, the
first and the next two logarithmic terms are the entropic
contributions of translational motion of the globules and chains
within the globule, respectively. An equilibrium value ofFglob

is derived by minimization of eq 3 with respect toψ. In the
case of high enough fraction of the charged groups,f . (a/
lB)1/2m-3/4, the volume free energy is dominant, andFglob can
be calculated using a perturbation theory.

Calculation of the surface tension coefficientγ is done in
the Appendix B:

Notice that this result coincides with the result of the scaling
theory.18 Thus, eqs 1-4 completely describe the free energy of
the mixture of the excess PCs and the globules.

The free energy of the excess PCs coexisting with precipitated
globules (a dense macrophase),FPCs+prec, is also done by eq 1
whereFglob does not comprise the surface tension energy and
the entropic terms are reduced to the single one, equal to 2 ln-
(ψ/m).

There is a question as to whether the excess polycations can
form a complex with the neutral globules. It turns out that
weakly charged finite-size globules can be stable. This, at first
sight the unusual phenomenon, can be explained on a following
example. Let us assume that we have two spherical droplets
differing in the size: the smaller one of the radiusr carries a
chargeq, and the bigger one of the radiusR, R . r, is neutral.
The electrostatic energy of the droplets is≈q2/r. Let us also
assume that the droplets can merge with each other forming a
single droplet whose charge is distributed over the whole
volume. Then the electrostatic energy of this droplet is≈ q2/R
< q2/r; i.e., the merging is energetically favorable. Therefore,
if we deal with one excess PC and many neutral globules, their
complexation to a charged globule can also energetically be
favorable.30,32 Furthermore, the stretching of the excess PC
decreases after complexation due to the screening of the
electrostatic interactions;30 i.e., the elasticity of the PC also
stabilizes the charged globule. Therefore, we can expect that
homogeneous solution of charged, optimum-size globules can
be stable. By analogy with the microdomains known for
associating polyelectrolytes,26 we consider the formation of
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spherical, cylindrical and lamellar complexes. The derivation
of the free energy of weakly charged complexes can also be
done within the two-zone Oosawa model:

where

The first term in square brackets of eq 5 is the surface energy
of the complex. The second term is the mean-field electrostatic
energy calculated under assumption that all excess charge is
homogeneously “smeared’’ throughout the volume of the
complex;â is the fraction of counterions inside the complex.
Taking into account that the fraction of the excess PCs is small,
A , 1, and that all neutralizing PCs are mobile, such an
assumption is quite reasonable. The next two terms are the
entropic contributions of translational motion of counterions.
The fifth and the sixth terms correspond to the elastic free
energy of the chains and to the excluded volume energy in
Θ-solvent, respectively. The seventh term of eq 5 is the RPA
correction to the Coulomb free energy responsible for the short-
range attraction of charged units (derivation of this term for
the case of charged complex is done in ref30). The last two terms
of eq 5 correspond to the translational entropy of the chains
within the clusters and of the clusters as whole objects,
respectively. The last contribution is nonzero only for the case
of spherical clusters. An equilibrium value of the free energy
Fd is derived by minimization with respect to the polymer
volume fraction of the cluster,ψ, fraction of the counterions
within the cluster,â, and the radius (hemithickness) of the
cluster,R.

Finally, if the polymer concentration is high enough, coa-
lescence of the charged globules into macroscopic complex has
to occur. The free energy of this state is derived from eq 5 by
settingâ ) 1:

3. Results and Discussion

A simplified σ-φ phase diagram of the solution that does
not take into account coexistence of different phases, can be
constructed by comparison of the free energies,FPCs+glob,
FPCs+prec, Fmacro, andFd, d ) 1, 2, 3, Figure 1.

As we expected, the excess PCs do not aggregate with the
neutral globules at low values of polymer volume fraction: they
are mixed with the globules (small values of the fraction of the
charged groupsf ) 1/σ) or coexist with the precipitant (high
values off). However, charged spherical, cylindrical and lamellar
complexes (globules) are stable at intermediate values ofφ and
σ. The predicted sequence of the transitionssspheres, cylinders,
and lamellaeswith the increase ofφ is mainly determined by
the dependence of the Coulomb energy onφ (on the distance
between the clusters). We can see in eq 5 that the Coulomb
energy of the spheres has the lowest value at small values of
θ ) φ/ψ (t3 f const),t2 has a weak logarithmic dependence,t2
∼ - ln θ, and t1 has a strong dependence onθ, t1 ∼ 1/θ. In
other words,t3 , t2 , t1 at θ , 1, i.e. the spherical globules
have the lowest Coulomb energy. On the other hand, the
opposite inequalities are held for the surface tension energy (first
term of eq 5): this energy is lowest for the lamellar complexes.
Therefore, at small values ofφ only spherical globules can be
stable because of the lower Coulomb energy. The increase ofφ

decreases Coulomb energy of the cylindrical and lamellar
structures and due to the surface energy, these structures are
stabilized.

A real phase diagram is obtained by equating the chemical
potentials and the osmotic pressures of various phasesi and j;
i, j ) PCs+ glob, 1, 2, 3, macro:

The chemical potential and the osmotic pressure of a phase are
calculated in a standard way:

HereFi are obtained by the use of eqs 1, 5, and 6. In eq 7,φ1

andφ2 are the average polymer volume fractions of coexisting
phases. The numerical solution of eq 7 is plotted in Figure 2.
The shaded area corresponds to the coexistence of various
phases. We can see that location of the stability regions of the
charged globules (spheres, cylinders, and lamellae) correspond
to the simplified diagram, Figure 1. In addition, coexistence of

Fd ) φ

ψ[dγa3

R
+ 2πu

5 (ψA(1 - â)
σ )2 R2

a2
td(θ) +

ψA
σ

â ln(ψA
σ

â) + ψA
σ

(1 - â) ln (ψA
σ

φ(1 - â)
ψ - φ ) + 3

2
ψ1/3

m4/3
+

Cψ3 +
x2
12π(48ψπlB

σ2a )3/4

+ ψ
m

ln (ψm) + 1
Vd

ln ( φ

ψVd
)]

d ) 1 (lamellae), 2 (cylinders), 3 (spheres) (5)

t1(θ) ) 5
3θ

, t2(θ) ) 5
4

θ - 1 - ln θ
(1 - θ)2

,

t3(θ) ) 2 - 3θ1/3 + θ
(1 - θ)2

, θ ) φ

ψ
< 1

V1 ) 2RS/a3, V2 ) πR2L/a3, V3 ) 4π
3

R3/a3, S, L f ∞

Fmacro) φA
σ

ln (φA
σ ) + 3

2
φ

1/3

m4/3
+ Cφ

3 +
x2
12π(48φπlB

σ2a )3/4

+

φ

m
ln (φm) (6)

Figure 1. Simplified σ - φ phase diagram obtained by equating of
the free energies at fixed values of the parametersm ) 104, A ) 0.01,
andu ) 1.

µi(φ1) ) µj(φ2)

πi(φ1) ) πj(φ2) (7)

µi(φ) )
∂Fi

∂φ
, πi(φ) ) φµi(φ) - Fi (8)
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the spheres with the cylinders, the cylinders with the lamellae,
and the lamellae with the macrophase is possible. The phase of
the neutral globules with excess PCs can coexist with all other
phases. The width of the coexistence region of the homogeneous
mixture of PCs with the neutral globules and of the macrophase
narrows with the increase ofσ, Figure 2. This effect is related
to the weakening of the electrostatic attraction between the
chains.

Figure 3 represents dependencies of the fraction of counte-
rions within the charged complexes,â, the diameter (thickness)
of the complexes, 2R, and the characteristic distance between
them, D ) 2R(ψ/φ)1/d, d ) 1 (lamellae), 2 (cylinders), 3
(spheres) on the average polymer volume fraction. In the single-
phase regions, all these parameters are the increasing functions
of φ. The increase ofâ with φ is related to the growth of the
size of the complex which is accompanied by the growth of its
bare charge. The counterions condensation prohibits enhance-
ment of the electrostatic energy of the complex. Theâ-φ plot
depicts also that maximum, medium and minimum values ofâ
correspond to the lamellar, cylindrical and spherical complexes,
respectively. Such relation is explained by a value of the
electrostatic energy of bare (counterions-free) complexes which
is maximum for the lamellae. The horizontal lines in Figure 3
correspond to the coexistence regions. Independence ofâ, R,
and D on φ in the coexistence region is due to the constant
densities of the coexisting phases: in accordance with the
Maxwell’s rule, the increase of the average polymer volume
fraction φ results in variation of the volumes of the phases
whereas the densities of them remain constant. A peculiarity
of the phase transitions induced by the increase ofφ is that
each “new’’ phase has thinner complexes coexisting with the
thicker ones of the “old’’ phase, Figure 3.

Phase behavior of the solution is very sensitive to variation
of the asymmetry parameterA. For example, a triple increase
of the parameter suppresses stability of the spherical and
cylindrical complexes and narrows the stability region of the
lamellar structure, Figure 4. Disappearance of the charged
globules at small values of polymer concentration is related to
the release of counterions which are localized within the globule.
Such release is favorable entropically. That is why coexistence
of the excess PCs with the neutral complexes is more favorable
in this regime. Notice that we confine ourselves by the analysis
of weakly asymmetric solutions,A , 1, and examination of
coexistence of the excess PCs with charged globules atA e 1
is outside the scope of the model.

The increase ofA makes the lamellae thinner and decreases
the distance between them. For example, 2R/a ≈ 1680 andD/a
≈ 2350 atA ) 0.01,φ ) 0.035 while 2R/a ≈ 315 andD/a ≈
420 atA ) 0.03,φ ) 0.035, Figure 5.

Our calculations are consistent with recent computer
simulations21-23 where stability of charged spherical complexes

Figure 2. σ-φ phase diagram of the solution of oppositely charged
polyelectrolytes.A ) 0.01,m ) 104, andu ) 1.

Figure 3. Fraction of counterions within the charged complexes,â,
the diameter (thickness) of the charged complexes, 2R, and the distance
between the complexes,D ) 2R(ψ/φ)1/d, d ) 1 (lamellae), 2 (cylinders),
3 (spheres) vsφ. A ) 0.01,m ) 104, u ) 1, andσ ) 30.

Figure 4. σ-φ phase diagram of the solution of oppositely charged
polyelectrolytes.A ) 0.03,m ) 104, andu ) 1.
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was shown. It has been demonstrated that large complexes are
formed when excess of one kind of polyion decreases.

Our predictions of the stability of the spherical complexes
are also in qualitative agreement with experimental results.3,4,7

The structure of polyelectrolyte complexes between poly(sodium
styrenesulfonate) and copolymers of diallyldimethylammonium
chloride and acrylamide was studied by viscometry, static and
dynamic light scattering, and electron microscopy.3 In diluted,
nonstoichiometric solutions, polyelectrolyte complex formation
leads to polydisperse systems of highly aggregated, nearly
spherical particles ofRh ≈ 140 ÷ 460 nm (depending on the
fraction of charged groups of the copolymer). At a 1:1 molar
mixing ratio, flocculation occurs.

The complex formation in the oppositely charged linear and
flexible polyelectrolytes: quaternized poly(vinylpyridinium)
(QPVP) and poly(sodium styrenesulfonate) was investigated by
static and dynamic light scattering, flow birefringence, and
viscometry over a wide range of mixing ratios 0.003e m e
0.9 (the ratio of the number of charges on PAs to the total
number of charges on PAs and PCs).4 The observed clusters
were stable and had average dimensionsRg ≈ Rh ≈ 100 nm at
low and high mixing ratios. As the mixing ratio approachedm
≈ 0.4, which corresponds to the gel point, the number and the
dimensions of clusters grew toR ≈ 150-300 nm. According
to the flow birefringence data, the axial ratio of the clusters at
the gel pointm ≈ 0.4 was 1.07, which corresponds to the
spherical shape.

Kinetics of complex formation of nonviral DNA with poly-
L-lysine was studied in ref 7 by time-resolved multiangle laser
light scattering, which yields the time evolution of the supramo-
lecular complex mass and geometric size. Primary complexes
whose geometric size is smaller than individual DNA molecules
in solution were formed very rapidly upon mixing DNA and

poly-L-lysine. Over time, these primary complexes aggregated
into larger structures whose ultimate size was determined
primarily by the relative concentrations of DNA and poly-L-
lysine. The maximum complex size occurred at a DNA/poly-
L-lysine charge ratio near unity.

4. Conclusion

In conclusion, we proposed a theory of complexation in
asymmetric solution of oppositely charged linear polyelectro-
lytes. Flexible polycations and polyanions of equal length and
fraction of charged groups were examined. We predicted
stability of spatially homogeneous (over)charged complexes
(globules) that are spherical, cylindrical, or lamellar. A phase
diagram of the solution is constructed.
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Appendix A

Let us consider a neutral PA-PC complex which is free of
counterions. The physical reason for attraction in the complex
is that the thermodynamic fluctuations of polymer density
provide local violation of the electric neutrality of the complex,
and emerging positively and negatively charged regions (virtual
“dipoles’’) attract each other. That is why the free energy density
functional has to comprise the electrostatic term. Assuming
weakness of the density fluctuations, the free energy functional
of the complex can be written in Gaussian approximation as
Fvol ) F0 + δF, whereF0/kBT ) 2mCψ2 and

In this expressionê((q) are Fourier transformed small density
fluctuations of monomer units of the PC and PA;q is the wave
vector, and|ê((q)|2 ≡ ê((q)ê((-q).

The first term of eq 9 corresponds to the electrostatic
interactions. It vanishes in the limitq f 0 because of the electric
neutrality of the complex. The second term is the conventional
structural (entropic) contribution31 (translational motion of PC
and PA is neglected). Finally, the third term comes from the
energy of the volume interactions.

The contribution of the fluctuating charges to the free energy
of the complex can be found following a standard procedure:

HereDê+ Dê- ≡ Πq dê+(q)dê-(q) is a product of differentials.

One of the possible ways to calculate the Gaussian integrals
in eq 10 is the substitution of the continuous integration over
the wave vectorq, eq 9, by a discrete summation over the wave
numbersk, q ) 2π{kx/Lx, ky/Ly, kz/Lz}, kx, ky, kz ) 0, (1, (2,

Figure 5. Fraction of counterions within the lamellar complexes,â,
the thickness of the lamellae, 2R, and the distance between the lamellae,
D ) 2R(ψ/φ), vs φ. A ) 0.03,m ) 104, u ) 1, andσ ) 30.

δF(ê+, ê-)

kBT
) 1

2∫ dq

(2π)3[4πlB

q2 |ê+(q)

σ
-

ê-(q)

σ |2 +

Va2q2

6ψ
(|ê+(q)|2 + |ê-(q)|2) + 6VCψ|ê+(q) + ê-(q)|2] (9)

FRPA

kBT
) - ln ∫ Dê+ Dê- exp{-

δF(ê+,ê-)

kBT } +

ln ∫ Dê+ Dê- exp{-
δF(ê+,ê-)
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..., where Lx,y,z are the linear dimensions of the system,
LxLyLz ) Vc

Then the expressions in the logarithms of eq 10 are infinite
products of integrals over variablesê((k). Diagonalization of
the square form, eq 11, can be done via the following variable
substitution

Using the well-known result for the Gaussian integral

and integrating the exponents overη+(k) andê-(k), we obtain

where we have returned from summation to integration. Equa-
tion 15 comprises both the energy of fluctuation-induced
interactions between the charges and the electrostatic self-energy
of the chains. In contrast to the systems with low-molecular-
weight ions,33,34 the integral in eq 15 is convergent atq f ∞:

Despite a positive value,FRPA is responsible for the electrostatic
attraction, becauseFRPA ) const/ψ1/4 (Vc ) 2mV/ψ); i.e., FRPA

decreases with the increase ofψ.

Appendix B

Calculation of the surface tension coefficient of the complex
can be done via minimization of the one-dimensional functional:

over the polymer volume fraction,ψ(x), that dependents on the
normal coordinatex in vicinity of the surface. It is assumed
thatψ(x) monotonously changes from 0 in pure solvent (atx )
-∞) to some constant valueψ0 inside the complex far from
the surface (atx ) +∞). Therefore, obvious boundary conditions
imposed onψ(x) are ψ(-∞) ) 0, ψ(+∞) ) ψ0, and all
derivatives (first, second, etc.) ofψ(x) over x at x ) (∞ are
equal to zero,ψ′((∞) ) ψ′′((∞) ) ... ) 0. The first term of
eq 17 is the conventional gradient term31 that describes entropic
losses of the chains because of inhomogeneous density near
the surface. The next two terms are the coordinate-dependent
contributions to the volume free energy of the globule, and the
last term is introduced to take into account normalization of
ψ(x); µ is the Lagrange multiplier.

Minimization of the functional (17) can be done in a standard
way using substitutionψ(x) ) y(x)2:

The boundary conditions are

Equation 18 can be integrated after multiplying byy′:

where the constant of integration is set equal to zero due to the
boundary conditions atx ) -∞. Applying the boundary
conditions atx ) +∞ to eqs 18 and 20, we get
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qk
2σ2

+ V
a2qk

2

6ψ
+ 6VCψ) +

|ê-(k)|2

(V
a2qk

2

6ψ
+ 12VCψ)(V

a2qk
2

6ψ
+

8πlB

qk
2σ2)

4πlB

qk
2σ2

+ V
a2qk

2

6ψ
+ 6VCψ ] (13)

∫
-∞

∞

dx exp(-âx2) ) xπ

â
(14)

FRPA

kBT
) - ln ∏

k x V
a2qk

2

6ψ

V
a2qk

2

6ψ
+

8πlB

qk
2σ2

)
1

2
∑

k

ln (1 +
48πlBψ

Va2qk
4σ2)

)
Vc

2

∫ dq

(2π)3
ln(1 +

48πlBψ

Va2q4σ2) (15)

FRPA

kBTVc
)

x2
12π(48πψlB

Vσ2a2 )3/4

(16)

γ ) ∫
-∞

+∞
dx

V [a2

24

(ψ′(x))2

ψ(x)
+ Cψ(x)3 +

x2

12π(48πψ(x)lB

σ2a
)3/4

+

µψ(x)] (17)

- a2

3
y′′ + 6Cy5 +

x2
12π(48πlB

σ2a )3/4 3
2
y1/2 + 2µy ) 0 (18)

y(-∞) ) 0, y(+∞) ) y0 ) xψ0

y′( (∞) ) y′′( (∞) ) ... ) 0 (19)

- a2

6
(y′)2 + Cy6 +

x2
12π(48πlB

σ2a )3/4

y3/2 + µy2 ) 0 (20)

y0 ) ( x2
96πC(48πlB

σ2a )3/4)2/9

, µ ) - 9Cy0
4 (21)
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Using eq 20, one can present the surface tension coefficient as
follows:

whereu ) lB/a andC ) 1.
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∫
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